We propose a novel approach in a search for the neutron electric dipole moment (EDM) by taking advantage of signal amplification in a weak measurement, known as weak value amplification.
I. INTRODUCTION
Since CP violation arises from only the phase of the Cabibbo-Kobayashi-Maskawa matrix in the standard model (SM) and it is tiny [1], CP -violating observables have provided good measurement sensitive to physics beyond the SM. In particular, measurement of the electric dipole moment (EDM) of the neutron, d n , can give a clear signal of new physics (NP), and has been a big subject for the last seventy years [2] .
The neutron EDM arises from three-loop shortdistance [3] [4] [5] , two-loop long-distance [6, 7] , one-loop contributions from the QCD theta term [8] , and tree-level charm-quark contributions [9] within the SM, while it can arise from one-loop diagrams in general NP models, such as multi-Higgs bosons [10] [11] [12] [13] , supersymmetric particles [14] [15] [16] [17] , leptoquark [18] [19] [20] , and models with dynamical electroweak symmetry breaking [21, 22] . In addition, observed matter-antimatter asymmetry in the Universe requires new CP -violating sources [23, 24] , which could be verified by the measurement of the EDM, e.g., Ref. [25] .
So far, although much effort has been devoted to search for the EDMs, they have not been observed yet. One of the most severe limits comes from the neutron EDM search [26] (d n ) exp < 3.0 × 10 −26 e cm (90% CL) ,
by measuring a neutron resonant frequency of ultracold neutrons (UCNs) based on the separated oscillatory field method (the so-called Ramsey method) [27, 28] . #1 This * uedad@post.kek.jp † teppeik@kmi.nagoya-u.ac.jp #1 Very recently, an improved limit has been announced by the limit is five orders of magnitude larger than the SM prediction (d n ) SM ∼ 10 −( [31] [32] e cm [6, 7, 9] . Nevertheless, it severely constrains the NP scenarios that include additional CP violation.
In the early stage of the neutron EDM experiments, not the UCNs but a polarized neutron beam had been utilized [31] [32] [33] [34] [35] . However, it was known that there was a large systematic uncertainty in neutron beam experiment which comes from relativistic effects. The relativistic effects arise from the motion of neutrons (velocity v) through the electric field E, as (see, e.g., Ref. [36] for a derivation)
Even if the neutron beam is shielded from the external magnetic field, the external electric field does generate the magnetic filed depending on the velocity (it can be interpreted as the relativistic transformation of F µν ), and the sensitivity of the experiment becomes dull because of the large spin magnetic moment interaction. In order to avoid the large systematic uncertainty, current experiments and new proposed projects are using the UCNs [37] [38] [39] [40] [41] [42] [43] [44] [45] . Besides, most of the experiments have employed the Ramsey method [27, 28] . The main reasons why the UCNs are preferred are the following two [35] : First, relativistic effects can be neglected because of its small velocity of the UCNs. Second, the UCNs can have longer interaction times with the external electric nEDM collaboration [29, 30] :
(dn)exp < 1.8 × 10 −26 e cm (90% CL) . field because they can be trapped easily. As a result, the systematic uncertainty is suppressed.
On the other hand, in the polarized neutron beam experiments, although severe systematic effects come from the relativistic E×v corrections [33, 35] , one can prepare a much larger amount of neutrons, which can reduce statistical fluctuations. Also, one can use stronger external electric fields, because the neutron beams are not covered by an insulating wall unlike the UCNs.
In this paper, we propose a novel experimental approach in the search for the neutron EDM by applying not the Ramsey method but a method of weak measurement [46] [47] [48] , and discuss conditions how our setup can overtake the current upper limit in Eq. (1). For instance, the spin magnetic moment interaction had been measured by the weak measurement [47, [49] [50] [51] , where a tremendous amplification of signal (a component of a spin) emerged.
In the weak measurement, two quantum systems are prepared, and then the initial and final states are properly selected in one of the quantum systems, which are called pre-(|ψ i ) and post-selections ( ψ f |), respectively. A weak value, corresponding to an observableÂ, is defined as
and can be amplified by choosing the proper selections of the states, which is called weak value amplification (for reviews see, e.g., Refs. [52, 53] ). Since the weak value is obtained as an observable quantity corresponding toÂ in an intermediate measurement between |ψ i and ψ f | without disturbing the quantum systems, measurement of the weak value plays an important role in the quantum mechanics itself. In addition, the weak value provides new methods for precise measurements [54, 55] . In fact, the weak value amplification was applied to precise measurements such as the spin Hall effect of the light (four orders of magnitude amplified) [56] and the beam deflection in a Sagnac interferometer (two orders of magnitude amplified) [57] . In our setup (see Fig. 1 ), as explained in details at the next section, unlike the Ramsey method with using the UCN, we consider a polarized neutron beam with the velocity of ∼ 10 3 m/sec. We investigate the motion of a neutron bunch in the external electric field with spatial gradient, and apply methods of the weak measurement which leads to amplification of the signal.
Very interestingly, it will be shown in our setup that the systematic uncertainty from the relativistic E × v effect is irrelevant compared to a neutron EDM signal. This fact is expected as a new virtue of the weak measurement.
This paper is organized as follows. In Sec. II, we propose an experimental setup for the neutron EDM search using the weak measurement. In Sec. III, we analytically calculate an expected observable in this setup. Especially, the weak value is introduced. Numerical results are evaluated in Sec. IV. We will show the weak value amplification and a potential sensitivity to the neutron EDM signal in this setup. Finally, Sec. V is devoted for the conclusions. In Appendix A, a general setup of an external electric field is considered. In Appendix B, a formalism of a full-order calculation of the expected observable is provided.
II. EXPERIMENTAL SETUP
We consider application of the weak measurement method [47] to the neutron EDM measurement. Because Ref. [47] utilizes an external magnetic field with a spatial gradient for measuring the spin magnetic moment, one should use the polarized neutron beam and an external electric field with a spatial gradient. Figure 1 shows our proposed experimental setup. The detailed explanation is given in the figure caption, especially the electric field with the spatial gradient α x is represented by the orange arrows. We set xyz axis as follows: The neutrons fly along the z axis. The external electric field has the gradient along x axis. A spin direction of the pre-selection at the first spin polarizer is y axis.
In order to obtain a signal amplification in a weak measurement (weak value amplification), two important selections are necessary: the pre-selection and the postselection. The pre-selection is equivalent to preparation of the initial state in the conventional quantum mechanics. On the other hand, the post-selection is extraction of a specific quantum state at the late time [46] , and it makes to understand the weak value amplification difficult because of lack of counterparts in the conventional quantum mechanics. In a nutshell, the role of the postselection is filtering where only events that the observable (such as the position of the neutron) takes a large value are collected. Note that the weak value amplification originates from the quantum interference [58] [59] [60] , so that classical filtering is not suitable. In the setup, we impose selections of the spin polarization of the neutrons as the pre-and post-selections.
The external electric field is set between the preselection and the post-selection. As discussed in Appendix A, one can define the x axis as the direction of spatial gradient of the external electric field. Therefore, x dependence of y and z components of the external electric field is negligible without loss of generality. According as the size of the neutron EDM and the spin polarization, displacement of the neutron along x axis occurs. We would like to maximize this displacement by the weak value amplification.
In this setup, the single neutron can be described by the non-relativistic Hamiltonian [61] :
wherep is the momentum operator of a neutron, m n is the neutron mass, d n is the neutron EDM, µ n is the neutron magnetic moment,Ê is an operator of the external electric field vector, andσ is the spin operator corresponding to the polarized neutron: the operation on spin-states is defined asσ i |± i = ± |± i for i = x, y, z. This Hamiltonian is defined in the Hilbert space H = H P ⊗ H S , where H P is the Hilbert space of the position (P ) of the neutron, while H S is that of the spin (S) of the neutron. #2 Note that although the external magnetic field is zero in the setup, the magnetic filed is generated by the relativistic effect in Eq. (3).
III. WEAK MEASUREMENT
In this section, we derive an analytic formula of an expectation value of deviation of the neutron position from x = 0, which is shown as ∆ W x in Fig. 1 . To analytically study our strategy for the neutron EDM search based on the weak value amplification, we adopt two assumptions as follows.
Assumption 1 : We consider the following external electric field operator:
where E 0 x , E 0 y , and α are constants (namely α = dE x /dx). Besides,x is an operator corresponding to the x coordinate of the neutron. A necessary condition of this form is discussed in Appendix A. Even if the E z component is nonzero, the effect is irrelevant in this setup. Although E z generates B x,y via the relativistic effects in the third terms of Eq. (5), they are significantly suppressed by small neutron momenta, v x and v y .
Assumption 2 : We consider the following neutron initial state in the Hilbert space H P :
where we defined as
Here, p x0 , p y0 and p z0 are the initial neutron momenta, and |G px0 , |p y0 and |p z0 are the quantum states of x, y and z directions, respectively. We are interested in the spatial displacement of the neutron along x axis. As explained below, in the weak measurement, the expectation value of the neutron position depends on only variance of the distribution. Therefore, we assume the Gaussian #2 Besides, one has to consider the free-falling neutrons in the earth. However, we assume that x axis is perpendicular to the direction of the gravity force, so that we can treat the free-falling effects of neutrons independently.
wave packet |G as the a quantum state of x direction, for simplicity [62, 63] . In the distribution, we regard d as a standard deviation of the neutron beam and assume that the neutron beam diameter is 2d for the x direction. #3 On the other hand, for y and z directions, we assume the plane wave.
In addition to above assumptions, we use several numerical approximations in this section. These approximation are reasonable when one takes input values which will be used in Sec. IV. Note that these numerical approximations are not used in the final plot of Sec. IV.
Based on the assumption 1 in Eq. (6), the Hamiltonian in Eq. (5) can be expressed aŝ
where we defined p 0 ≡ p 2 x0 + p 2 y0 + p 2 z0 , g µ ≡ µ n p 0 /(m n c 2 ), χ ≡ d n /g µ , andn pi ≡p i /p 0 (i = x, y, z) for convenience in the following analysis. All interactions are normalized by g µ , and the EDM interaction is represented as χg µ . Note that χ is dimensionless real quantity.
The time evolution operator is e −iĤt . Note that in this paper, although we do not use the natural units, is discarded for simplicity. Using the Baker-Campbell-Hausdorff formula, and [x,p x ] = i and [x,p 2
x ] = 2ip x , we obtain
where the interaction Hamiltonian with the background (Ĥ 0 ) and with the EDM (Ĥ χ ) arê
We have checked that the O(t 3 ) terms in Eq. (11) are numerically negligible in the following analysis. Besides, the last term in Eq. (13) is totally screened by g µ E 0 xnpz ⊗σ y inĤ 0 . Then, we expand the interaction Hamiltonian by αx, and obtain the following analytic form:
withÛ
where I 2 is the 2 × 2 unit matrix. Hereafter, we assumen pi → n pi0 = p i0 /p 0 (i = x, y, z) and n 2 px0 + n 2 py0 + n 2 pz0 = 1 for simplicity of calculations. The higher-order terms O((E 0 y /E 0 x ) 2 ) are numerically irrelevant when E 0 y E 0 x . Thê U 0 (t) andÛ 1 (t) satisfy the unitarity condition:
#3 We also considered more realistic distribution that the neutron beam is described as a mixed state which is a statistical ensemble of single neutron state. Here, we assumed that both states can be described as the Gaussian distributions, and the standard devia-tion of the mixed state and single neutron state are represented by d and d single , respectively. We checked that d single contributions to the following analysis are numerically irrelevant, and all the results are sensitive to only d. This justifies our assumption 2.
up to the following higher-order corrections:
Now, we obtain the compact form of the time evolution operator,
As mentioned previous section, the weak measurement requires pre-and post-selections, and we select the neutron spin polarization. Since the neutron polarization rate is not perfect in practical spin polarizers, we include an impurity effect in the pre-and post-selections as mixed spin states of the neutron. As will be shown later, the final result significantly depends on the impurity effect. We consider the following pre-selected state in the Hilbert space H S :
where two polarization states are (see Fig. 1 )
Here, |± y are eigenstates of the spin operatorσ y . Besides, (0 < 1) stands for the selection impurity. After the pre-selection, the quantum state of the total system at the initial time t = 0 can be expressed as direct-productρ total ini =ρ P ini ⊗ρ S ini , whereρ P ini is defined in Eq. (7) , which is the assumption 2.
The late-time quantum state of the total system at t = T (see Fig. 1 ) just before the post-selection is given aŝ
Next, we consider the following post-selected state:
with
Here, δ is a polarization angle around x-axis for the post-selection (see Fig. 1 ). It is known that small δ angle is preferred for the weak value amplification [47] . The selection impurity is also included in the post-selection, and we assume its quality is the same as the pre-selection, for simplicity. After the post-selection, the final state of the total system is written asρ total fin =ρ P fin ⊗ρ S fin . Using the late-time state in Eq. (23), we obtain the neutron final state in the Hilbert space H P ,
where we defined the following dimensionless complex quantity W ,
The W corresponds to the weak value. For the third term of Eq. (26), using Eqs. (20) and (24), we used
Similarly, one can easily find Tr S ρ S finÛ 0 (T )ρ S iniÛ 0 (T ) † = Tr S ρ S finÛ 0 (T )ρ S iniÛ 0 (T ) † * = real.
In an ideal experimental setup limit, E 0 y /E 0 x → 0, n px0,y0 → 0, and → 0, the weak value W is expressed as
where we define
According to the definition of the weak value in Eq. (4), we find W = −i σ x W + i χ σ y W in the ideal experimental limit, and show that W is amplified by cot(δ/2) for small δ region [47] . One should note that since W is always multiplied by χ in Eq. (26), the first term in Eq. (30) is not singular in χ → 0 limit. In other words, there is a contribution in Eq. (26) that is independent of χ (signal) and sensitive to the weak value W , especially σ y W . We will show that such a contribution corresponds to a background effect (from the relativistic E × v effect). It would be interesting possibility to measure the weak value from the background effect, even if one cannot measure the neutron EDM signal. It is noteworthy that proposed setup is valuable for not only the neutron EDM search but also the quantum mechanics itself.
In practical experimental setup, since E 0 y = 0, n px0,y0 = 0, and = 0, O(1/χ) term survives in W that induces χindependent contributions in Eq. (26) . This means that the neutron magnetic moment, which should be χ independent, behaves as a background effect against the neutron EDM signal in the weak measurement.
Usingρ P fin in Eq. (26), one can consider Tr P [ρ P fin ] and Tr P [xρ P fin ] as follows:
Here, we used the following relations [the assumption 2 in Eq. (7)]:
Tr P ρ P ini = 1 , Tr P xρ P ini = 0 , Tr P x 2ρP ini = d 2 ,
and
x, e −ip
from [x,p 2 x ] = 2ip x . Eventually, we obtain an expectation value of the position shift of the neutron after the post-selection as (see Fig. 1 ),
Note that the (T /2m n ) 2 /2d 2 term in the third term is numerically negligible. In the limit of n px0,y0 → 0, we obtain the following analytical formula of the expected position shift:
Here, the ∆ W x (EDM) corresponds to the EDM signal, while the ∆ W x (BG) is the shift by the background effect which stems from the neutron magnetic moment (the relativistic E × v effect). The relativistic effects ∆ W x (BG) mimic the neutron EDM signal ∆ W x (EDM). Surprisingly, we find that such the relativistic effect is dropped when E 0 y E 0
x and/or δ ≈ 0. For instance, when one takes δ = 0 in the post-selection, the expected position shift is
In this limit which one can realize by setting the first and second polarizers to be turned the opposite directions, the background shift from the relativistic E × v effect is dropped. Besides, we observe that a dimensionless combination g µ E 0 x T is given by
where we define the neutron velocity v n as p 0 = m n v n . For |g µ E 0 x T | 1 region, the expected position shift in Eqs. (39) and (40) is given by y with δ = 0.01π fixed. In both panels, we take T = 10 −3 sec, E 0 x = 10 6 V/m, and dn = 10 −26 e cm, and vary = 0, 10 −4 , 10 −2 , and 10 −1 . The black dotted line corresponds to |ReW | = 1, which is the eigenvalue ofσx.
Using |E 0 y /E 0 x | 1 and 1, eventually we obtain an approximation formula,
As we will show in the next section, choosing suitable input parameters such like , δ, T, and E 0 y /E 0 x , the weak value ReW can be significantly amplified, and it is just the weak value amplification.
Although we analytically obtain the expectation value of the deviation of the neutron position from x = 0 as ∆ W
x up to corrections of O (g µ αT ) 2 , we will also give the full-order result in Appendix B. In the leading-order analysis in Eq. (37), the EDM signal induced by χ can be enhanced by large value of αT d 2 . We find, however, that the EDM signal is not amplified by the large value of αT d 2 in the full-order analysis, because an additional damping factor appears as we will discuss in the next section.
It is important to distinguish the neutron EDM signal from the background shift. Since the background effect depends on many parameters and is complicated in our setup, we evaluate it numerically in the next section.
Before closing this section, let us comment on a special setup in whichÊ = 0 with pre-and post-selections. In such a case, ∆ W x = (p x0 /m n )T is predicted. Therefore, the first term Eq. (37) can be subtracted by using data of a setup where the external electric field is turned off.
IV. NUMERICAL RESULTS
In this section, we show numerical results with varying many input parameters. Here and hereafter, we assume the following neutron beam velocity: v n = 10 3 m/sec , n px0 = n py0 = 0 , n pz0 = 1 , (46) and the neutron beam size
where v n and d are reasonable values in the J-PARC neutron beam experiment [64, 65] , while ideal values of n px0,y0 are taken. First, we show the weak value ReW in Eq. (27) in Fig. 2 . In both panel, the black dotted lines represent ReW = ±1, which corresponds to the eigenvalues ofσ x . Hence, the weak value gives amplification of the signals for the regions with |ReW | > 1. In the left panel, we investigate δ and dependence, where T = 10 −3 sec, E 0 x = 10 6 V/m, E 0 y = 10 V/m, and d n = 10 −26 e cm are taken. It is shown that the weak value amplification occurs when 10 −2 , and the amplification is maximized for small δ regions. As you can see, two orders of magnitude amplification is possible. In the right panel, E 0 y dependence of the weak value is investigated, where δ = 0.01π is fixed. It is found that E 0 y dependence is negligible. Note that we also observed that the weak value is insensitive to T , E 0 x , and d n for |g µ E 0 x T | 1 region [see Eq. (42) ]. Above results show that the weak value amplification can be controlled by only the polarization angle δ and the selection impurity in the pre-and postselections. Next, we compare the leading-order approximation with respect to g µ αT , which is shown in the previous section, with the full-order analysis. Since equations for the full-order analysis are lengthy, we put them on Appendix B. From the second term of Eq. (37), the expected position shift of the center-of-mass of the neutron bunch is nearly proportional to αT d 2 within the leading-order approximation. Thus, it is expected that one can amplify the EDM signal by adopting a large value of αT d 2 . This fact is, however, incorrect in the full-order analysis. As shown in Appendix B, the full-order results include a damping factor exp −(g µ αT ) 2 [d 2 + (T /2m n ) 2 /4d 2 ]/2 with respect to αT d 2 appeared in Eqs. (B17) and (B18). Since this damping factor becomes significant for a region of
the EDM signal cannot be amplified by the large value of αT d 2 . This factor comes from a Gaussian integral,
and makes the transition probability in Eq. (33) finite even when δ → 0 and the ideal experimental setup limit are taken: E 0 y /E 0 x → 0, n px0,y0 → 0, and → 0. In Fig. 3 , we show the expected position shift of the center-of-mass of the neutron bunch ∆ W
x as a function of T . In both panels, the solid lines stand for the EDM signal parts ∆ W x (EDM), which are proportional to χ, with d n = 10 −25 e cm. On the other hand, the dashed lines are for the background effects ∆ W x (BG), which are χ independent. The blue and red lines correspond to the leading-order calculations and the full-order ones, respectively. We take = 0, δ = 10 −3 , E 0 y = 10 V/m, α = 10 9 V/m 2 , and E 0 x = 10 6 (10 7 ) V/m for the left (right) panel.
It is shown that, the leading-and the full-order calculations are well consistent with each other in small T regions. On the other hand, ∆ W x is significantly suppressed for large T regions. This figures also show that the background effects are smaller than the EDM signal contributions by several orders of magnitude, which has been shown analytically in the previous section. We also find that the EDM signal contribution is insensitive to E 0
x , while the background effect is sensitive. Finally, we show a potential sensitivity of the weak measurement that can probe the neutron EDM signal. In this setup, the neutron EDM can be probed by precise measurement of ∆ W x . In current technology, it is possible to measure the neutron position with a spacial resolution 1-50 µm [66, 67] . If nuclear emulsion can be used there, it spatial resolution becomes less than 100 nm [68] . Therefore, the spatial resolution determines the potential sensitivity to the neutron EDM signal. By requiring a condition |∆ W x | > 1 µm, we show the sensitivity to the neutron EDM in Fig. 4 , where ∆ W x includes both the EDM signal and the background shift and the full-order formalism is used. The sensitivity is shown as a contour on the -δ plane, here we take T = 0.005 sec, E 0 x = 10 6 V/m, E 0 y = 10 V/m, and α = 10 9 V/m 2 . The chosen value of T corresponds to a maximum value of ∆ W x (EDM) in Fig. 3 . Based on parameters in Ref. [35] and discussions with an experimentalist at the J-PARC [69] , these parameters are chosen. In the Fig. 4 , the red (dashed) line corresponds to the current (improved) neutron EDM bound in Eq. (1) [Eq. (2)], and the larger d n region is excluded. Besides, we find the background effect is negligible on this plane.
We show that the impurity effect changes the sensitivity drastically, and find that the neutron EDM signal can be probed for a very small impurity region, < 10 −4 . It is one order of magnitude smaller than the current technology, e.g., = (6 ± 1 stat. ± 3 sys. ) × 10 −4 [70] , which is shown as the vertical blue dotted line in Fig. 4 : the setup with = 6 × 10 −4 and δ = 0.1 could probe a region d n > 8 × 10 −26 .
We comment on contributions from nonzero n px0 and n py0 values. We find that if n px0,y0 are smaller than 10 −5 , these effects do not appear in above numerical evaluations. We also find that the effect of n py0 is more significant than n px0 : O(1) contributions are produced for n py0 ∼ 10 −4 region.
We also comment on a statistical condition for measuring non-zero ∆ W
x . In such an experiment, one has to reject a null hypothesis of the neutron beam following the Gaussian distribution with the average position 0 and the variance d 2 . If one measures positions of the center-of-mass of the neutron bunches by N neutrons, the statistical condition for measuring non-zero ∆ W x at nσ level is expressed as ∆ W x ≥ n·d/ √ N . If one considers a case that a resolution of 1 µm for ∆ W x and d = 0.1 m, the condition is N ≥ 10 10 n 2 . Since the O(10 9 ) neutrons can be generated per second in the experiment [65] , one could safely neglect such a statistical uncertainty using O(10/ ) seconds neutron beam.
V. CONCLUSIONS
In this paper, we proposed a novel approach in a search for the neutron EDM by applying the weak measure-ment, which is independent from the Ramsey method. Although the relativistic E × v effect provides a severe systematic uncertainty in the neutron EDM experiment in which the neutron beam is used, we find such a contribution is numerically irrelevant in the weak measurement. This is quite unexpected result, and we believe that this fact would provide a new virtue of the weak measurement.
To investigate a potential sensitivity to the neutron EDM search, we included the effect from the selection impurities in the pre-and post-selections. Our study showed that the size of the impurity crucially determines the sensitivity.
We found that the weak measurement can reach up to d n = 8 × 10 −26 e cm within the current technology. This is one order of magnitude less sensitive that the current neutron EDM bound, where the UCNs based on the Ramsey method are used.
In addition, our approach could provide a new possibility to measure the weak value of the neutron spin polarization from the background effect. This fact makes our study fascinating in the point of view of the quantum mechanics.
Although the small impurity, < 10 −4 , for probing the neutron EDM is difficult at the present time, we hope several improvements on the experimental technology, e.g., the sensitivity can be amplified by α and the resolution of ∆ W x measurement, and anticipate that this kind of experiment will be performed in future.
Appendix A: External electric field with gradient In this appendix, we consider a general setup of the external electric field with spatial gradients. Let us consider an external electric field with gradients ∂Ê/∂x = (α x , α y , 0):
where E 0 x,y and α x,y are constants. Note that the setup is insensitive to E z component and its relativistic effect. When one considers a rotation of the coordinate that all spatial dependence go to single electric filed component, the followingÊ with a coordinate x are obtained: 
The spatial dependence of y inÊ (x , y ) would provide us with a spatial displacement of the neutron along y axis. In order to obtain the experimental setup in Eq. (6), α y α x are thus required.
Appendix B: Full-order calculation for ∆ W x In this appendix, we give building blocks of the full-order calculation for ∆ W x with respect to g µ αT . The expected position shift of the center-of-mass of the neutron bunch is defined as [see Eqs. (33) , (34) , and (37) for the leading-order analysis]: Ê 2 x (−1 + (1 − 2 ) 2 cos(δ)) cos 2 (Ê x g µ T ) − (E 0 y n px0 −Ê x n py0 ) 2 sin 2 (Ê x gT ) − (Ê 2 x + (E 0 y ) 2 )n 2 pz0 sin 2 (Ê x g µ T ) − (1 − 2 ) 2 (E 0 y n px0 −Ê x n py0 ) 2 cos(δ) sin 2 (Ê x g µ T )
− (1 − 2 ) 2 (−Ê x + E 0 y )(Ê x + E 0 y )n 2 pz0 cos(δ) sin 2 (Ê x g µ T )
− 2(1 − 2 ) 2Ê x (E 0 y n px0 −Ê x n py0 )n pz0 sin(δ) sin 2 (Ê x g µ T ) + (1 − 2 ) 2Ê x E 0 y n pz0 sin(δ) sin(2Ê x g µ T )
− χ 1 2Ê 2
x − 2Ê x E 0 y n pz0 sin 2 (Ê x g µ T ) − 2(1 − 2 ) 2Ê x E 0 y n pz0 cos(δ) sin 2 (Ê x g µ T )
whereÊ x is defined asÊ x = E 0 x + α (x + Tp x /2m n ). To calculate Eqs. (B2) and (B3), the following building blocks are needed:
